This paper discusses the behavior of the second-order modes (Hankel singular values) of linear discrete-time systems under bounded-real transformations, where the transformations are given by arbitrary transfer functions with magnitude bounded by unity. Our main result reveals that the values of the second-order modes are decreased under any of the above-mentioned transformations. This result is the generalization of the theory of Mullis and Roberts, who proved that the second-order modes are invariant under any allpass transformation, i.e. any lossless boundedreal transformation. We derive our main result by describing the controllability/observability Gramians of transformed systems with the help of the discrete-time bounded-real lemma.
Introduction
The second-order modes are defined as the positive square roots of the eigenvalues of the matrix product of the controllability and observability Gramians of linear dynamical systems. In the literature on control system theory, the secondorder modes are also called the Hankel singular values because they are represented as the singular values of the Hankel operator of systems.
In various aspects of linear system theory, the secondorder modes play crucial roles. One of the well-known examples is balanced model order reduction [1] - [4] , where the second-order modes determine the upper bound of the approximation error between the reduced-order model and the full-order model. Another practically important issue can be seen in the field of analog and digital filter theory, where the second-order modes provide the optimal dynamic range of analog filters [5] , [6] and minimum attainable value of roundoff noise [7] , [8] and statistical coefficient sensitivity [9] - [11] of digital filters. Furthermore, the second-order modes characterize the energy storage of systems [12] , [13] , which is also known to be the Hilbert-Schmidt norm of the Hankel operator [14] .
In addition to the practical and theoretical importance mentioned above, the second-order modes have another in- teresting property, which was discovered by Mullis and Roberts [12] . They proved that the second-order modes of linear discrete-time systems are invariant under any allpass transformation, i.e. any lossless bounded-real transformation. Our work investigated this invariance property for 2-D discrete systems [15] . In [12] and [15] , the benefits of this invariance property are discussed from the viewpoint of digital signal processing. However, since the second-order modes are closely related to not only digital signal processing but also many other issues as stated above, the invariance property will be of fundamental importance in studying various subjects of linear system theory.
The main contribution in this paper is to derive the generalized version of Mullis and Roberts' theory. That is, we discuss the behavior of the second-order modes of discretetime systems under general bounded-real transformations, where the transformations are given by arbitrary transfer functions with magnitude bounded by unity. As a result, we establish a new theorem -the values of the second-order modes are decreased under general bounded-real transformations. This new theorem will bring further valuable insights into the study of linear system theory.
The organization of this paper is as follows. Section 2 gives a brief introduction of linear discrete-time state-space systems, controllability/observability Gramians and secondorder modes. Section 3 introduces bounded-real transformation and its state-space description, which includes statespace formulation of transformed systems and the wellknown bounded-real lemma. They are frequently used in our main discussion. Section 4 presents our main result, where we derive a new theorem on the property of the second-order modes under bounded-real transformations. Section 5 gives numerical examples to demonstrate our main result.
Second-Order Modes of Discrete-Time Systems
Consider an N-th order stable multi-input/multi-output discrete-time system described by the following state-space equations:
where u(n) ∈ m , y(n) ∈ p and x(n) ∈ N are the input, the output and the state vector, respectively, and A, B, C and D are coefficient matrices with appropriate size. The 
where I N is the N × N identity matrix. Throughout this paper, the state-space system is assumed to be controllable and observable.
For the system ( A, B, C, D), the solutions K and W to the following Lyapunov equations are called the controllability Gramian and the observability Gramian, respectively:
These Gramians K and W are symmetric and positive definite because the system ( A, B, C, D) of H(z) is assumed to be stable, controllable and observable. Then, the eigenvalues θ [7] .
It should be noted that the Gramians depend on realization of the system, while the second-order modes depend only on the transfer function. In the literature on control system theory, the second-order modes are also called Hankel singular values because θ 1 , θ 2 , · · · , θ N are equal to the singular values of the Hankel operator of H(z).
Bounded-Real Transformation
As stated in Sect. 1, the purpose of this paper is to analyze the behavior of the second-order modes under general bounded-real transformations. That is, for a given stable system H(z) and its second-order modes, we will analyze the second-order modes of the family of transformed systems H(F(z)), where 1/F(z) is any stable singleinput/single-output bounded-real function, i.e.
|1/F(e
for all ω. If |1/F(e jω )| = 1 holds for all ω, the function 1/F(z) is called lossless bounded-real. Note that H(F(z)) is guaranteed to be stable, because H(z) is stable and 1/F(z) is bounded-real † . In the remainder of this section, we introduce three important lemmas that discuss H(F(z)) and 1/F(z) in terms of the state-space representation. These lemmas play central roles in the derivation of our main result.
We first introduce the following lemma regarding a state-space description of H(F(z)), which was derived in [12] .
Lemma 1:
Let ( A, B, C, D) and (α, β, γ, δ) be state-space representations of H(z) and 1/F(z), respectively. Also, let N and M be respectively the order of H(z) and 1/F(z). Then, the transformed system H(F(z)), which is of order MN, is described in state-space form as
where I MN is the MN × MN identity matrix and the coefficients A, B, C and D are given as
In the above equations, ⊗ denotes the Kronecker product for matrices [16] .
Remark 1:
In [12] , Eqs. (8)- (11) were derived with the assumption that H(z) is a single-input/single-output system. However, it is easy to see that the same formulation can be derived for multi-input/multi-output systems.
We next introduce the following two lemmas, which are respectively referred to as the bounded-real lemma and the lossless bounded-real lemma [17] - [19] for discrete-time systems. These lemmas exhibit some important properties of bounded-real state-space systems.
Lemma 2 (Bounded-real lemma): Let (α, β, γ, δ) be a state-space representation of 1/F(z). If 1/F(z) is boundedreal, there exist a real vector l, a real scalar w 1 , and a real symmetric positive definite matrix P such that
Lemma 3 (Lossless bounded-real lemma): Let (α, β, γ, δ) be a state-space representation of 1/F(z). If 1/F(z) is lossless bounded-real, there exists the real symmetric positive definite matrix P such that
Second-Order Modes under Bounded-Real Transformations
This section presents our main result, where we discuss the behavior of the second-order modes under bounded-real transformations. Before the main discussion, we need to derive the following lemma which is dual to Lemmas 2 and 3.
Lemma 4: Let (α, β, γ, δ) be a state-space representation of a bounded-real function 1/F(z), and let P be a real symmetric positive definite matrix which satisfies (12)- (14) . † If |1/F(e jω )| > 1 holds for some ω, the stability of H(F(z)) is not guaranteed. Therefore, this case is not of theoretical interest and will not be considered in this paper.
Then, its inverse matrix P −1 satisfies the following equations
for some real vector m and real scalar w 2 . Moreover, if 1/F(z) is lossless bounded-real, m = 0 and w 2 = 0 hold and the above equations are reduced to
Proof: The proof of the lossless bounded-real case (21)- (23) is given in [12] . Thus we focus on the proof of the general bounded-real case (18)- (20) .
Since 1/F(z) is bounded-real, Eqs. (12)- (14) are equivalent to the following Riccati equation [20] 
where 1 − δ 2 − β T Pβ = w 2 1 > 0 for any bounded-real function 1/F(z). Moreover, from the fact that 1/F(z) is a single-input/single-output function, it is immediately seen from (24) that there exists the dual Riccati equation
to (24) and (25) yields the following Riccati equations for continuous-time bounded-real systems [21] , [22] :
Here it should be noted that solutions to (30) and (31) are identical to those to (24) and (25), respectively [22] , [23] . In addition, it is seen in [21] that Q = P −1 is a solution to (31) if P is a solution to (30). These facts prove that there exists Q = P −1 as a solution to (25) if P is a solution to (24) . This result leads to (18)- (20) .
We are now ready to discuss the property of the secondorder modes under bounded-real transformations. Since the second-order modes are defined from the controllability/observability Gramians, we first discuss the controllability/observability Gramians under bounded-real transformations, as shown in the following lemma.
Lemma 5: Let K and W be the controllability Gramian and the observability Gramian of a state-space system ( A, B, C, D) , and let K and W be the controllability Gramian and the observability Gramian of the transformed system (A, B, C, D) given by Lemma 1. That is, K and W satisfy (4) and (5), respectively, and K and W satisfy the following Lyapunov equations, respectively:
Then, for any bounded-real function 1/F(z), the following matrix inequalities hold:
where P is a positive definite matrix given in Lemma 2. Equality holds in (34) and (35) if and only if 1/F(z) is lossless bounded-real.
Before giving the proof of the above lemma, we introduce the properties for the Kronecker product ⊗ as follows [16] :
In the following proof, we make frequent use of these properties.
Proof: The proof of equality in (34) and (35) for lossless bounded-real transformations is given in [12] . Therefore, here we consider the proof of inequality for general bounded-real transformations. In this paper, we restrict ourselves to the proof of (34) because the proof of (35) is completely dual to the present one.
First, consider the following matrix
Substitution of (8) and (10) into (40) and some matrix manipulations yield
With the help of (12)- (14), the above equation is simplified as follows:
where we let
Therefore, from (40) and (42) it follows that
Subtracting
from (44) gives
Since the eigenvalues of A lie inside the unit circle because of the stability of H(F(z)), the matrix Eq. (46) has the unique positive semidefinite solution W ⊗ P − W. This shows W ⊗ P ≥ W, which completes the proof of (34). The proof of (35) can be achieved in a similar way through the use of (8), (9) and (18)- (20). Lemma 5 gives the explicit formulation of the secondorder modes under general bounded-real transformations. Now, we present the following main theorem.
Theorem 1: Let θ 1 ≥ θ 2 ≥ · · · ≥ θ N be the second-order modes of an N-th order discrete-time system H(z), and let θ 1 ≥ θ 2 ≥ · · · ≥ θ MN be the second-order modes of an MN-th order discrete-time system H(F(z)), where 1/F(z) is an M-th order bounded-real function. Then, the following relationship holds:
where
Equality holds for all i and j if and only if 1/F(z) is lossless bounded-real.
Proof: From Lemma 5, it immediately follows that
Let λ 1 ≥ λ 2 ≥ · · · ≥ λ MN be the eigenvalues of KW, and let λ 1 ≥ λ 2 ≥ · · · ≥ λ MN be the eigenvalues of (KW) ⊗ I M . Then, from (48) it is easily seen that
for i = 1, 2, · · · , MN. Moreover, (48) also shows that the eigenvalues λ 1 , λ 2 , · · · , λ MN are actually M copies of the eigenvalues of KW. Thus, letting λ 1 ≥ λ 2 ≥ · · · ≥ λ N be the eigenvalues of KW, (49) can be rewritten as
This completes the proof of (47). The proof in the case of lossless boundedreal transformations can be seen in [12] and omitted here.
Theorem 1 shows that the values of the second-order modes are decreased under general bounded-real transformations and that Mullis and Roberts' theory [12] is a special case of this theorem. Therefore, our result is the generalized version of Mullis and Roberts' theory.
Before leaving this section, we address the significance of our main result from the theoretical and practical points of view. The theoretical significance of our result is that it provides a further understanding of the dynamics of linear discrete-time systems; our result reveals a common property of "lossy" transformations as well as lossless transformations. The general bounded-real transformations treated in this paper can be interpreted as lossy transformations, because of the fact that |1/F(e jω )| ≤ 1. Therefore, our main result shows that any lossy transformation decreases the values of the second-order modes, whereas any lossless transformation leaves the second-order modes to be invariant. The same conclusion is derived for other quantities such as the Hankel norm, energy storage, theoretical error bound of balanced model order reduction, and minimum attainable values of roundoff noise and statistical coefficient sensitivity; all of them are decreased by lossy transformations. These facts bring new insights into the study of linear dynamical systems.
The practical significance of our result can be seen in balanced model order reduction and design/synthesis of discrete-time systems such as digital filters. As stated above, lossy transformations decrease the theoretical error bound of balanced model order reduction and the minimum attainable values of quantization effects such as roundoff noise and statistical coefficient sensitivity. Therefore, given a discretetime system H(z), any lossy transformation can produce H(F(z)) that is more accurate than H(z) with respect to the approximation error and the quantization effects, although how to construct an appropriate lossy function 1/F(z) for designing systems is an open question.
Numerical Examples
This section gives numerical examples to demonstrate our theorem. Consider the following transfer function H(z) of a single-input/single-output discrete-time system of order 2:
The second-order modes of this system is calculated as (θ 1 , θ 2 ) = (0.7072, 0.2351).
For this system, we apply two kinds of bounded-real transformations z −1 ← 1/F 1 (z) and z −1 ← 1/F 2 (z), where 1/F 1 (z) and 1/F 2 (z) are respectively given by
The magnitude responses of 1/F 1 (z) and 1/F 2 (z) are shown in Fig. 1 , which shows that both of these magnitude responses are bounded by unity. The above bounded-real transformations yield the following transformed systems, respectively: 
The magnitude responses of H(z), H(F 1 (z)) and H(F 2 (z)) are given in Fig. 2 . Now, from (55), the second-order modes of H(F 1 (z)) 
Comparing (52) with (57), we see that θ 1,1 < θ 1 and θ 1,2 < θ 2 . Similarly, the second-order modes of H(F 2 (z)) are calculated as (θ 2,1 , θ 2,2 , θ 2,3 , θ 2,4 ) = (0.6955, 0.6869, 0.2278, 0.2231),
which shows θ 2,1 , θ 2,2 < θ 1 and θ 2,3 , θ 2,4 < θ 2 . These results confirm the validity of our main theorem.
Conclusion
This paper has derived a new theorem on the second-order modes of linear discrete-time systems under bounded-real transformations. Our theorem has revealed that the values of the second-order modes are decreased under any general bounded-real transformation. This result is the generalized version of Mullis and Roberts' theory; in [12] , the transformations were restricted to lossless bounded-real transformations, whereas our result has included the case of general bounded-real transformations as well as lossless ones. Our result will bring new insights into the study of linear dynamical systems and their related issues. For linear continuous-time systems, we have already obtained similar conclusion. In the continuous-time case, the second-order modes are invariant under any lossless positive-real transformation, whereas they are decreased under any general positive-real transformation. This result was presented in [24] .
